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In a quantum computer, creating superpositions of quantum bits (qubits) in different states can
lead to a speed-up over classical computers [1], but quantum mechanics also allows for the superposi-
tion of quantum circuits [2]. In fact, it has recently been theoretically predicted that superimposing
quantum circuits, each with a different gate order, could provide quantum computers with an even
further computational advantage [3–5]. Here, we experimentally demonstrate this enhancement by
applying two quantum gates in a superposition of both possible orders to determine whether the
two gates commute or anti-commute. We are able to make this determination with only a single
use (or query) of each gate, while all quantum circuits with a fixed order of gates would require at
least two uses of one of the gates [3]. Remarkably, when the problem is scaled to N gates, creat-
ing a superposition of quantum circuits is likely to provide an exponential advantage over classical
algorithms, and a linear advantage over quantum algorithms with fixed gate order [4]. The new
resource that we exploit in our experiment can be interpreted as a “superposition of causal orders”.
We demonstrate such a superposition could allow some quantum algorithms to be implemented with
an efficiency that is unlikely to be achieved on a quantum computer with a fixed gate order.
One of the most useful methods for quantifying the
performance of a quantum algorithm is its query com-
plexity. Loosely speaking, this is the number of times
that a quantum gate is used (or queried). The use of the
query complexity is motivated by the assumption that
applying a gate is a cost that we wish to minimize. In
an optical quantum computer this cost would be either
another physical copy of the gate (say a different set of
waveplates, or interferometer), or a repeated usage of the
same gate at a later time. On the other hand, in an ion-
trap [6] or super-conducting [7] quantum computer the
cost would be the application of another pulse sequence
to the qubits. Given that one of the main difficulties in
creating a scalable quantum computer is the implemen-
tation of multiple gates, techniques to reduce the query
complexity are essential for practical quantum comput-
ing.
Just as in a classical electronic circuit, in a fixed-order
quantum circuit one connects a series of logic gates by
wires (see Fig. 1a or Fig. 1b). This is an intuitive and
extremely powerful method for designing quantum algo-
rithms, but there are advantages to other models. One
example is measurement-based quantum computing [8],
a different paradigm than the circuit model which paved
the way for many experimental implementations of quan-
tum algorithms [9, 10]. Unlike other models of computa-
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FIG. 1. a) Given two unitary gates, U1 and U2, the circuit model
allows us to wire them in one of two possible ways: either U1
before U2, or b) U2 before U1. c) Quantum mechanics allows us
to coherently control both options, such that the qubit sees both
U1 before U2, and U2 before U1. d) The 2-SWITCH operation
applies U1 and U2 to qubit 2 in both orders, as shown in panel c,
dependent on the state of qubit 1. Unless at least one of U1 and
U2 is used more than once, the 2-SWITCH operation cannot be
implemented with standard circuit-model elements. To be explicit,
the 2-SWITCH applies U1U2 to |ψ〉2 (the lower qubit) if the upper
qubit is in |0〉1, and U2U1 to |ψ〉2 if the upper qubit is in |1〉1.
Measuring the state of qubit 1 in the |±〉 basis allows one to un-
ambiguously decide if U1 and U2 commute or anti-commute with
only a single use of each gate. In this circuit, H is the Hadamard
gate, and |±〉 = (|0〉 ± |1〉)/√2.
tion, what is considered here is a strict extension of the
quantum circuit model, which therefore allows for ad-
ditional computational power. The particular extension
we study in our experiment is to allow for superpositions
of different quantum circuits; i.e. to coherently control
which quantum circuit is applied on an input state (see
Fig. 1c). In this case, the order of quantum gates act-
ing on a set of qubits could be controlled by the state of
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2FIG. 2. Our optical implementation to distinguish whether a pair of unitary gates commute or anti-commute with only a single copy of
each gate. The photons for our experiment are generated in a separable polarization state using a Sagnac source (a). One photon is used
as a herald, and the second is fed into the interferometer (b). The unitary gates in question are each implemented with three waveplates,
and act on the polarization of single photons.
another set of qubits – this is not allowed in the stan-
dard quantum circuit model, wherein the gate order is
independent of the state of the qubits [2].
Coherently controlling the order of quantum gates con-
ditioned on the state of a set of qubits is a new type
of operation. A proposal for one such operation is the
“N-SWITCH”, which takes N different gates and applies
them in a given superposition of different permutations
[11]. Using this operation, a quantum algorithm has re-
cently been proposed to solve a specific problem with a
query complexity of O(N), while a fixed-order circuit is
likely to require O(N2) queries to solve the same problem
[4, 5].
The problem we study in this experiment is a spe-
cific case of a computational problem proposed in Ref.
4, based on Ref. 3. One is presented with two uni-
tary gates, U1 and U2, and the guarantee that U1 and
U2 either commute or anti-commute (but U1 and U2 are
otherwise unknown and arbitrary). The goal is to de-
termine which statement is true. In the standard cir-
cuit model this cannot be done with a single use of each
gate [3]; this limitation is evident in all previous exper-
imental investigations of commutation relations, which
all used one gate at least twice [12, 13]. However, using
the 2-SWITCH operation to apply U1 and U2 in a super-
position of both orders allows us to distinguish whether
the gates commute or anti-commute with only one use
of each gate. To see this, consider using the 2-SWITCH
operation in the circuit shown in Fig. 1d. Given that
the 2-SWITCH applies U1U2 if the upper qubit is in |0〉1
and U2U1 if upper qubit is in |1〉1, it is straightforward
to show that, when the input to the circuit is initially in
the state 1√
2
(|0〉1 + |1〉1)|ψ〉2 (where |ψ〉2 is an arbitrary
state of qubit 2), the result is the state
1
2
|0〉1{U1, U2}|ψ〉2 +
1
2
|1〉1[U1, U2]|ψ〉2, (1)
where [U1, U2] and {U1, U2} are the commutator and anti-
commutator of U1 and U2, respectively. Given the guar-
antee of either commutation or anti-commutation, if the
upper qubit is measured and found in |0〉1 we know for
certain that the gates commute; on the other hand, if it
is found in |1〉1 we know for certain that the gates anti-
commute. Thus one can unambiguously distinguish be-
tween the two cases. Note that, although Fig. 1d shows
the 2-SWITCH operation as a gate in a quantum cir-
cuit, it cannot be implemented by querying U1 and U2
only once in a fixed order.
Although creating superpositions of circuits is a con-
ceptually simple idea, it is not immediately clear how it
3could be done in the laboratory. The most obvious so-
lution is to place the physical circuit elements – such as
wires or optical fibres connecting the gates – in a quan-
tum superposition. However, this would require quantum
control over macroscopic systems, and is likely to remain
unattainable in the foreseeable future. Instead, we use
internal degrees of freedom of our qubits to control the
order with which they traverse the gates [4, 14, 15]. These
could be any degrees of freedom of the physical system
that the qubits are encoded in. For example, trapped ions
possess many electronic and vibrational modes, many of
which could be suitably controlled [14]. In our exper-
iment, we use a spatial degree of freedom of photonic
qubits to create a superposition of different gate orders
acting on a qubit encoded in the photon’s polarization.
The use of multiple degrees of freedom of a single pho-
ton is a well-known tool in photonic quantum computing,
which has allowed for many high-precision implementa-
tions of quantum information protocols [16–19]. Note
that a different method for superimposing quantum gate
orders was recently proposed for adiabatic quantum com-
puting [20].
At the centre of our implementation is a Mach-Zehnder
interferometer with a loop in each arm (see Fig. 2), which
allows us to create the required superposition of gate or-
ders. In particular, it enables one qubit (qubit 1 of the
circuit in Fig. 1d), encoded in a spatial degree of free-
dom of the photon, to coherently control the order in
which two gates are applied to another qubit (qubit 2 of
Fig. 1d), encoded in the photon’s polarization. Briefly,
a single photon is sent to a 50/50 beamsplitter, which
creates the spatial qubit: |0〉 if transmitted, and |1〉 if
reflected. The unitary gates U1 and U2 are implemented
on the polarization state of the same photon using a set
of waveplates. Now, dependent on whether the photon is
reflected or transmitted, the polarization qubit will see
either U1U2 or U2U1. The two paths then coherently
recombine on a final 50/50 beamsplitter (enacting the
Hadamard gate shown in Fig. 1c). Finally, simply mea-
suring the state of the spatial qubit (i.e. whether the
photon exits port 0 or 1 of the final beamsplitter) tells
us if U1 and U2 commute or anti-commute.
To verify the successful implementation of this pro-
tocol we tested its performance on a number of rep-
resentative unitary gates. The first set of gates we
tested were the four Pauli gates (including identity),
{σx, σy, σz, I}. The Pauli gates have simple commuta-
tion and anti-commutation relationships: each gate only
commutes with itself and identity, and anti-commutes
with the other gates. For example, σx commutes with I
and σx, and anti-commutes with σy and σz. Thus, set-
ting U1 = σx means that when U2 is set to either I or σx
the photon will always exit port 0. On the other hand, if
U2 is set to σy or σz, the photon should always exit port
1.
To acquire data, U1 and U2 were first set to identity
so that the phase of the interferometer could be set to
pi; this was done using a piezo-driven mirror (PDM in
FIG. 3. Experimental data showing the probability with which
the photon exits from a port when determining if a pair of random
gates commute or anti-commute. The blue bars are the experimen-
tally observed probabilities for the photon to exit port 1, and the
green bars to exit port 0. If the gates commute, then, ideally, the
photon should always exit port 0, while if they anti-commute the
photon should exit port 1. The x-axis is labelled with the choice
of U1 and U2, where I is identity, X= σx, Y= σy , and Z= σz . The
average success rate (probability to exit the “correct port”) of these
data is 0.973± 0.016.
FIG. 4. Experimental data showing the probability with which
the photon exits from a port when determining if a pair of ran-
dom gates commute or anti-commute. 50 commuting and 50 anti-
commuting pairs of gates were tested, of which 10 for each case are
shown here. The full data set is presented in the Appendix. The
data representation in this figure follows the same convention as in
Fig. 3. However, here the x-axis is labelled Ai for anti-commuting
case number i, and Ci for commuting case number i.
Fig. 2). Then U1 and U2 could be set to any desired
single-qubit unitary gate by setting the waveplate angles
appropriately. For the Pauli-gate data, we cycled U1 and
U2 through all 16 possible permutations and monitored
the photon counts out of each port of the final beamsplit-
ter. For every Pauli-gate combination, the probability for
the photons to exit each port was estimated (see the Ap-
pendix, Section A for details, including a discussion of
the error bars). The resulting probabilities are plotted in
Fig. 3. When the gates commute, we expect all of the
photons to exit port 0, while if they anti-commute they
should all exit port 1. Our observed data agrees very well
with this prediction. For the Pauli gates, we were able to
successfully determine whether a pair of gates commuted
or anti-commuted with a success rate (probability to exit
the correct port) of 0.973±0.016. For this data, the ini-
tial polarization state was (|H〉 + |V 〉)/√2, but, as we
verified experimentally, the protocol is independent the
4polarization (see the Appendix, Fig. 6).
Without using a superposition of different quantum
circuits, it is impossible to perfectly determine if two
gates commute or anti-commute with a single use of each
gate[3]. However, using a fixed-order quantum circuit,
this task can be accomplished with an average success
rate of at most 0.9288. The calculation, based on the
“quantum comb” formalism [21–24], is presented in the
Appendix. In order to rigorously compare our proto-
col to such a quantum circuit, we randomly generated
50 pairs of commuting gates and 50 pairs of anti-
commuting gates (see the Appendix, Section A) and we
tested our protocol with each pair. A subset of the data
for these gates is plotted in Fig. 4. The success rate of
our protocol over the 100 pairs of commuting and anti-
commuting gates is 0.976 ± 0.015, which surpasses the
fixed-order bound by more than three standard devia-
tions.
From a foundational point of view, our experiment
can be seen as the first realization of a “superposition
of causal orders”, which represents an instance of an in-
definite causal structure [25]. More generally, this work
highlights the role of causal structures in quantum me-
chanics, a topic that has recently received an increasing
theoretical [26–28] and experimental [29, 30] attention.
Here we have accomplished a task which is impossible if
quantum operations are performed in any fixed, definite
causal order. Our demonstration of superimposed quan-
tum circuits illustrates that removing the requirement of
a fixed gate order can provide quantum algorithms with
real practical advantages.
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6APPENDIX
A. Experimental Details
Single-Photon Source – The source generated photon
pairs, in a separable polarization state, by means of the
process of spontaneous parametric down conversion using
a Sagnac loop [31]. The Sagnac loop was built using a
dual-wavelength polarizing beamsplitter (dPBS) and two
mirrors. A type-II collinear periodically-poled Potassium
Titanyl Phosphate (PPKTP) crystal of length 20 mm
was placed inside the loop and pumped by a 23.7 mW
diode laser centred at 395 nm. Photon pairs were cre-
ated at degenerate wavelength 790 nm. We set the pump
beam polarization to be horizontal in order to generate
the down-converted photons in a separable polarization
state |H〉|V 〉. The dichroic mirror (DM) transmited the
pump beam and reflected the down-converted photons,
and the half waveplate (HWP) and quarter waveplate
(QWP) were used to adjust the polarization of the pump
beam. Long (LP) and narrow band (BP) pass filters
blocked the pump beam and selected the desired down-
converted wavelength. Polarizers were aligned to trans-
mit only down-converted photons with the desired polar-
ization. After this, the down-converted photon pairs were
coupled into single-mode fibres (SMF), and one photon
from the pair was used as a herald while the other sin-
gle photon was sent to our interferometer using a fibre
collimator (FC).
Optical Implementation – We implemented our pro-
tocol using a Mach-Zehnder interferometer with two sym-
metric arm loops, see Fig. (2). After the first BS, the
reflected and transmitted beams were sent to a differ-
ent combination of waveplates which formed the unitary
gates. The symmetric loops were built to have the same
input direction through the unitary gates for both the
transmitted and reflected beams; i.e. the photons always
traversed the waveplates in the same direction, regard-
less of whether they saw U1 or U2 first. After this, the
two paths were recombined on the second BS. For the
reflected beam, a HWP at 0◦ was used before the wave-
plates implementing U2 to ensure that the polarization
state of the reflected and transmitted paths was the same
before the unitary gates; this was required because the
reflected path picked up a reflection phase not seen by
the transmitted mode. Another a HWP at 0◦ was used
in the transmitted arm after U2 in order to compensate
the reflection from the second BS.
After the interferometer, the photons exiting port 0
and 1 were coupled into single-mode fibers. Then, the
single photons were detected using avalanche photodi-
odes (APDs) which were connected to a home-built coin-
cidence counter based on Spartan 3E FPGA to register
two-photon events between either port and the heralding
photon. Since the coupling efficiency of each port and the
detection efficiency of each APD were slightly different we
had to correct for this to calculate the probabilities re-
ported in figures 3 and 4. To perform this correction, we
varied the phase of the interferometer to send all of the
photons from port 0 to port 1, and we recorded the counts
out of port 0 (C0) and the counts out of port 1 (C1) as the
phase was varied. We then computed an efficiency factor
η, such that C0 + C1/η was constant. We found that η
was typically around 0.7, but its exact valued varied be-
cause the coupling efficiencies changed slightly from one
day to the next. Using this, we estimated the proba-
bility to exit port 0 as P0 = C0/(C0 + C1/η), and the
probability to exit port 1 as P1 = 1− P0.
The visibility of the interferometer was 99.4 ± 0.2 with
a phase drift less than 9 mrad per minute. A complete
data set (20 waveplate settings) was acquired in about 2
minutes (1 second of data was taken at each setting, so
the majority of the time was spent moving waveplates).
The observed phase drift would lead to a negligible er-
ror (of only ≈ 0.02%) over the 2 minute measurement
time. At each setting approximately 40,000 photon pairs
were observed. The error bars were estimated by per-
forming each measurement 5 times and observing the
standard deviation. Each measurement setting had a
slightly different standard deviation, but for convenience
we took the largest standard deviation as the error bar
for each measurement setting. The dominant contribu-
tion to these fluctuations was a phase drift caused by ro-
tating the waveplates, and the Poissonian error bars (due
to 40,000 counts) are much smaller than these observed
fluctuations.
Polarization Unitary Gates – It is well known that
the combination of three waveplates (in a quarter-half-
quarter configuration) can implement an arbitrary single-
qubit polarization gate. Since this method is completely
general, we used it to implement each of the two uni-
tary gates U1 and U2. Each of the six waveplates were
mounted using a motorized rotation mount, which al-
lowed the unitary gates to be set remotely while only
minimally disturbing the phase of the interferometer.
However, we still found a slight systematic phase drift
when the waveplates were rotated. We attributed this to
slightly “wedged” shaped waveplates, which could change
the optical path of each interferometer arm differently.
For our waveplates (true-zero order waveplates from Spe-
cial Optics, which were the most parallel waveplates we
tested), we observed a maximum phase drift of 0.002 ra-
dians per degree of waveplate rotation. The waveplate
angles used to implement the different polarization gates
are tabulated in Tables I and II. On average, setting the
six waveplates to implement a specific U1 and U2 required
a total rotation of ≈ 45◦; this would introduce a system-
atic error in the phase of the interferometer of about
0.009 radians and an additional error onto our measured
probabilities of 0.4%.
Generating Commuting and Anti-Commuting
Pairs of Gates – We tested our protocol on 50 ran-
domly chosen pairs of commuting gates and on 50 ran-
domly chosen pairs of anti-commuting gates. To gen-
erate these gates we followed a very simple protocol.
First, we randomly chose a unitary gate R from the
7Haar measure. Next, to generate two anti-commuting
gates A1 and A2, we set A1 = RσzR† and A2 = RσyR†
(where σy and σz are Pauli gates). Then, two commut-
ing gates were defined from R as C1 = R
(
1 0
0 eiθ1
)
R†
and C2 = R
(
1 0
0 eiθ2
)
R†, where θ1 and θ2 where also
chosen randomly (we selected them from a uniform dis-
tribution between 0 and 2pi). After this we computed the
waveplate angles required to implement C1, C2, A1, and
A2 (these angles are listed in Table II).
B. A Fixed-Order Quantum Circuit for Our Task
In Ref. 3 it was proven that quantum circuits with a
fixed gate order (fixed-order circuits) cannot distinguish
between commuting and anti-commuting unitary gates
with probability one under the condition that each uni-
tary is queried once. Theoretically, exploiting a super-
position of different gate orders allows for the two cases
to be distinguished perfectly under the same condition.
However, since an experimental implementation of the
superposition necessary involved errors, one should com-
pare our experiment to a fixed-order circuit which can
probabilistically distinguish between the two cases. Here
we will show that our experimental success probability
is higher than the maximal probability of success of any
fixed-order circuit.
We will assume that to determine if two gates com-
mute or anti-commute we will run a fixed-order circuit
that contains a single copy of U1 and U2 and afterwards
measure a single qubit. If the result of this single-qubit
measurement is zero (one) we will say the two gates com-
mute (anticommute). Then, the probability of success is
defined as the average of the probability of measuring
zero given that the unitary gates anti-commute and the
probability of measuring one given that the unitary gates
commute. In symbols:
psucc =
1
2
(p(0|C) + p(1|A)). (2)
To calculate psucc, we use tools from Ref. [21-24].
There it is shown that one can separate any circuit that
is applied to determine if the unitaries commute or anti-
commute in two parts: the first is an operator
SU1,U2i = C(U1)⊗ C(U2)⊗ |i〉〈i|, i = 0, 1 (3)
that represent the unitaries U1 and U2 and the outcome
i of a measurement in the Z basis, where C(Uj), with
j = 1, 2, is the Choi-Jamio lkowski operator of the unitary
Ui. The second is an operatorW that represents the most
general fixed-order circuit (or even a convex combination
of fixed-order circuits) that connects the unitaries and the
measurement. A circuit representation of these operators
is shown in Fig. 5. In this case,
p(i|U1, U2) = tr(SU1,U2i W ) (4)
is the probability of obtaining outcome i after applying
unitaries U1 and U2.
The probabilities p(0|C) and p(1|A) are then the aver-
ages
p(0|C) =
∫
dµCp(0|U1, U2)
= tr
[(∫
dµCS
U1,U2
0
)
W
]
. (5)
p(1|A) =
∫
dµAp(1|U1, U2)
= tr
[(∫
dµAS
U1,U2
1
)
W
]
. (6)
where dµC ,dµA are measures on the set of commuting
and anticommuting pairs of unitaries, respectively. One
should note, now, that psucc depends crucially on the
choice of measures dµC ,dµA. For instance, if one selects
U1 and U2 only from the Pauli matrices, then psucc =
1. We chose measures, shown in the Section A, that
can generate any pair of commuting or anticommuting
unitaries, modulo a global phase. Defining the operators
SC0 =
∫
dµCS
U1,U2
0 (7)
SA1 =
∫
dµAS
U1,U2
1 , (8)
we have finally that the probability of success can be
expressed as
psucc = tr[W
(
SC0 + S
A
1
)
/2], (9)
which is a linear function of W . Since one can charac-
terize the set of fixed-order circuits through linear con-
straints on positive semidefinite operators, optimizing
psucc is a semidefinite program (SDP), which can be guar-
anteed to reach the global optimum [22-24]. Solving this
optimization problem numerically, we found that
psucc = 0.9288, (10)
which is significantly lower than the success probability
of 0.976± 0.015 that we measured experimentally.
As an extra verification, we tested the specific 100 pairs
of gates that we used in our experiment with the optimal
fixed-order circuit. We found that this optimal fixed-
order circuit has success rate of 0.9390 averaged on these
100 pairs of gates – still much lower than our experimen-
tal success probability.
8FIG. 5. Circuit representation of the operators W and SU1,U2i .
Here |a〉 is an ancilla of arbitrary dimension, and V1,V2, and V3 are
arbitrary unitary gates acting on the system and the ancilla.
C. Additional Raw Data
As we discussed in the main text, our protocol to de-
termine if U1 and U2 commute or anti-commute is inde-
pendent of the state of qubit 2 (defined in Fig. 1d and
Eq. 1 of the main text). In our experiment, qubit 2 is en-
coded in the polarization state of our single photons. As
an additional verification of our implementation we also
tested the state dependence of our protocol experimen-
tally. To do this, we simply changed the state of qubit
2, by rotating the state-preparation half waveplate, and
repeated our protocol for several different input states.
We rotated this HWP in steps of 10◦, from 0◦ to 40◦ and
took “Pauli-gate data” (described in the main text) for
each waveplate setting. This data is plotted in Fig. 2.
There were no significant changes to the performance of
our protocol for any of these settings, and the success
rate averaged over these five states was 0.970± 0.024.
In addition to the data presented in the main text,
we verified our protocol’s operation on 50 different
pairs of commuting gates and 50 different pairs of anti-
commuting gates. The 50 different cases were taken in
groups of 10, and the data for each group was acquired in
the same way as the Pauli gates. Before acquiring each
group data, the phase of the interferometer was set to pi
while U1 and U2 were set to implement identity. Then
U1 and U2 were set to implement some other gates, and
photons were counted for 1 second on each setting. These
data are presented in Fig. 3, and they exhibit an average
success rate of 0.976± 0.015.
D. Waveplate Settings
Each unitary gate that we tested was implemented
with three waveplates: first a quarter waveplate, then
a half waveplate, followed by a final quarter waveplate.
Thus we need a total of six waveplates for two unitary
gates. Each waveplate was also mounted in a motorized
rotation mount, allowing it to be remotely set without
disturbing the phase of the interferometer.
For completeness, here we list the waveplate settings
used to implement the various unitary gates that we
tested. Table I lists the waveplate angles for the four
Angles for U1 Angles for U2
U Q1 H1 Q2 Q3 H2 Q4
I 0.0 0.0 0.0 0.0 0.0 0.0
σx 0.0 45.0 0.0 0.0 45.0 0.0
σy 90.0 45.0 0.0 45.0 0.0 -45.0
σz 90.0 0.0 0.0 0.0 0.0 90.0
TABLE I. The waveplate angles used to implement the four
Pauli gates. The first column lists the desired unitary gate,
the next three columns list the waveplate angles (quarter
waveplate, half waveplate, then quarter waveplate) that were
used to implement the gate for U1, and the final three columns
list the waveplate angles that were used for U2.
Pauli gates. For experimental convenience, we used dif-
ferent angles to set U1 and U2 to σy and σz. This has no
effect on the logical gate that the waveplates apply. In
fact, this can be seen as a further verification of our proto-
col: the protocol’s success is independent of the physical
apparatus used to enact each gate.
The next set of 100 gates that we tested were randomly
generated commuting and anti-commuting gates. As de-
scribed in the Section A, we first randomly generate a
gate R. Two anti-commuting gates A1 and A2 were gen-
erated from R by setting A1 = RσzR† and A2 = RσyR†
(where σy and σz are Pauli gates). Two commuting
gates were constructed as C1 = R
(
1 0
0 eiθ1
)
R† and
C2 = R
(
1 0
0 eiθ2
)
R†, where θ1 and θ2 are chosen ran-
domly between 0 and 2pi from a uniform distribution.
The waveplate angles that we used to implement these
100 pairs of gates are tabulated in Table II.
9FIG. 6. Experimental data for determining if two Pauli gates commute or anti-commute for several different input states. As in Fig. 3 of
the main text, the x-axis is labelled with the choice of U1 and U2 (where I= I is the identity, X= σx, Y= σy , and Z= σz) and the y-axis
is the probability for the photon to exit port 0. If the photon exits port 0, U1 and U2 commute, and if it exits port 1 they anti-commute.
For clarity only the port 0 probabilities are shown here. The bars of different shades are the data for different input states; the legend
lists the angle of the state-preparation half waveplate, which was used to set the input state. The average success rate of these data is
0.970± 0.024.
FIG. 7. Experimental data for determining if two random gates commute or anti-commute for 100 different pairs of unitary gates. As in
Fig. 4 of the main text, the x-axis is labelled with Ai for anti-commuting case number i, and Ci for commuting case number i. For clarity,
only one port is shown here. The average success rate of these data is 0.976± 0.015.
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Commuting Angles Anti-Commuting Angles
C1 C2 A1 A2
Index Q1 H1 Q2 Q3 H2 Q4 Q1 H1 Q2 Q3 H2 Q4
1 25.61 5.20 24.38 24.97 25.80 25.02 69.99 70.74 -20.01 110.81 70.89 20.81
2 25.64 23.90 53.26 47.93 49.85 30.96 84.45 65.67 -5.55 61.93 83.23 -28.07
3 79.12 47.13 39.88 107.12 41.53 11.89 104.50 41.47 14.50 89.83 73.62 -0.17
4 2.27 8.62 6.33 -17.71 32.37 26.31 49.30 61.80 -40.70 100.93 114.02 10.93
5 106.91 26.73 -15.24 42.54 48.87 49.12 90.83 24.37 0.83 62.14 48.83 -27.86
6 138.45 73.49 -30.11 49.73 38.22 58.61 99.17 182.20 9.17 88.31 35.83 -1.69
7 30.10 34.04 23.82 40.93 50.55 12.99 71.96 60.23 -18.04 91.00 121.56 1.00
8 69.12 32.05 25.94 21.59 64.82 73.47 92.53 26.91 2.53 88.40 67.93 -1.60
9 17.17 29.40 4.78 10.68 9.93 11.28 55.98 47.99 -34.02 91.23 115.91 1.23
10 66.71 29.40 20.31 107.06 28.21 -20.04 88.51 25.23 -1.49 53.48 46.39 -36.52
11 118.60 105.98 -34.42 35.79 148.00 48.39 87.09 6.78 -2.91 107.73 75.27 17.73
12 13.17 14.76 30.13 78.31 40.49 -35.02 66.65 41.68 -23.35 67.14 87.17 -22.86
13 29.19 51.62 15.89 19.52 4.35 25.56 67.54 63.47 -22.46 108.32 41.21 18.32
14 39.98 34.80 36.36 39.66 35.38 36.67 83.17 7.23 -6.83 49.31 31.63 -40.69
15 31.87 44.00 41.97 31.16 44.93 42.68 81.92 9.33 -8.08 74.76 47.59 -15.24
16 -7.47 30.83 25.75 -24.11 38.00 42.39 54.14 69.19 -35.86 75.63 49.82 -14.37
17 47.80 81.82 -2.10 22.27 24.28 23.43 67.85 78.89 -22.15 65.59 31.66 -24.41
18 17.57 24.35 12.72 54.18 52.86 -23.89 60.15 53.01 -29.85 97.45 30.56 7.45
19 18.30 145.88 -53.14 1.14 61.19 -35.98 117.58 90.00 27.58 78.13 81.95 -11.87
20 24.36 29.96 10.69 54.25 48.53 -19.20 62.53 49.02 -27.47 119.72 100.21 29.72
21 81.68 4.23 38.15 148.16 66.28 -28.34 104.91 187.37 14.91 48.04 19.93 -41.96
22 -12.21 -6.83 -9.66 -43.49 24.68 21.61 124.06 115.50 34.06 97.12 38.32 7.12
23 23.49 27.69 -38.97 167.49 68.11 -2.96 37.26 28.70 -52.74 68.18 6.62 -21.82
24 51.36 52.70 49.32 46.18 41.08 54.50 95.34 83.67 5.34 82.13 24.26 -7.87
25 -11.32 79.67 25.49 51.83 31.71 -37.66 52.08 31.71 -37.92 83.82 7.52 -6.18
26 -7.62 41.69 28.74 0.43 34.57 20.70 55.56 64.22 -34.44 122.61 65.55 32.61
27 28.05 6.10 11.74 52.45 80.22 -12.66 64.89 79.02 -25.11 35.26 103.48 -54.74
28 77.86 19.97 23.19 72.41 22.05 28.64 95.52 17.64 5.52 83.99 52.03 -6.01
29 58.96 81.60 -17.09 23.84 16.07 18.03 65.93 81.22 -24.07 60.13 30.68 -29.87
30 18.74 38.29 19.72 19.58 4.53 18.88 64.23 64.85 -25.77 109.50 31.32 19.50
31 48.00 37.76 -13.85 21.01 20.97 13.14 62.08 39.56 -27.92 59.53 81.95 -30.47
32 7.79 60.78 -18.10 0.78 70.97 -11.09 129.84 119.16 39.84 82.52 76.68 -7.48
33 100.79 84.36 -37.71 41.77 0.53 21.32 76.54 81.80 -13.46 29.01 41.72 -60.99
34 -2.47 -18.24 -20.91 -43.90 5.08 20.52 123.31 96.47 33.31 50.29 34.60 -39.71
35 70.25 59.09 35.26 -40.49 54.02 -34.00 97.75 63.46 7.75 108.68 118.68 18.68
36 82.08 94.57 48.90 126.39 99.59 4.59 110.49 101.10 20.49 95.66 39.98 5.66
37 59.51 57.89 41.49 33.06 37.51 67.94 95.50 -19.28 5.50 50.65 50.77 -39.35
38 7.54 6.90 8.93 -17.77 69.99 34.24 53.23 39.46 -36.77 95.20 10.93 5.20
39 8.81 57.10 37.25 18.95 41.33 27.11 68.03 73.44 -21.97 103.03 72.63 13.03
40 20.74 40.54 17.97 18.33 2.30 20.39 64.36 62.84 -25.64 109.31 20.23 19.31
41 58.10 32.61 40.43 50.68 46.22 47.85 94.27 106.66 4.27 35.45 -31.98 -54.55
42 31.72 1.79 29.83 30.28 50.47 31.26 75.77 76.36 -14.23 30.02 55.96 -59.98
43 22.65 31.45 28.14 40.86 0.87 9.93 70.40 82.42 -19.60 62.93 30.32 -27.07
44 37.95 125.41 51.23 57.55 60.72 31.62 89.59 72.23 -0.41 63.13 83.65 -26.87
45 39.99 58.07 14.13 26.84 26.10 27.28 72.06 65.53 -17.94 84.90 32.69 -5.10
46 13.21 24.69 1.16 5.26 0.84 9.10 52.18 43.89 -37.82 88.55 20.99 -1.45
47 80.68 89.06 -29.71 1.99 48.40 48.97 70.48 88.17 -19.52 100.80 83.49 10.80
48 94.56 59.52 -31.27 39.31 44.44 23.99 76.65 62.20 -13.35 129.97 116.26 39.97
49 30.87 36.27 60.40 52.65 50.37 38.62 90.64 62.90 0.64 -51.99 43.14 38.01
50 39.84 42.78 41.17 49.05 17.95 31.97 85.51 3.66 -4.49 85.87 49.02 -4.13
TABLE II. The waveplate angles used to implement the 100 randomly chosen commuting and anti-commuting gates.
